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In this paper we describe a method for finding polynomial invariants under Stochastic Local Operations and
Classical Communication (SLOCC), for a system of delocalized fermions shared between different parties, with
global particle number conservation as the only constraint. These invariants can be used to construct entangle-
ment measures for different types of entanglement in such a system. It is shown that the invariants, and the
measures constructed from them, take a nonzero value only if the state of the system allows for the observa-
tion of Bell-nonlocal correlations. Invariants of this kind are constructed for systems of two and three spin-1/2
fermions and examples of maximally entangled states are given that illustrate the different types of entanglement
distinguished by the invariants. A general condition for the existence of SLOCC invariants and their associated
measures is given as a relation between the number of fermions, their spin, and the number of spatial modes of
the system. In addition, the effect of further constraints on the system, including the localization of a subset of
the fermions, is discussed. Finally, a hybrid Ising-Hubbard Hamiltonian is constructed for which the ground-
state of a three site chain exhibits a high degree of entanglement at the transition between a regime dominated
by on-site interaction and a regime dominated by Ising-interaction. This entanglement is well described by a
measure constructed by the introduced method.
PACS numbers: 03.67.Mn, 03.65.Ud, 05.30.Fk, 05.30.Rt
I. INTRODUCTION
The phenomenon of entanglement in quantum mechanics is
in its essence the presence of action at a distance [1, 2]. The
operational verification of entanglement thus consist of per-
forming a task that is impossible without nonlocal causation
such as for example quantum teleportation [3] or producing
Bell-nonlocal correlations [2].
In this paper we study the entanglement in a system of
indistinguishable fermions where measurements on the sys-
tem are performed by spatially separated parties, i.e., exper-
imenters. We assume that the number of fermions is con-
served, i.e., that there is a global particle number superlselec-
tion rule. Furthermore, we assume that the spatial positions of
the fermions are not well defined, i.e., that they are delocal-
ized.
If there is no restriction on the local operations that a party
can perform, the local degrees of freedom behave effectively
as the degrees of freedom of a localized distinguishable par-
ticle. Therefore, the entanglement properties can be qualita-
tively different, compared to the case of distinguishable parti-
cles, only if the allowed local operations are restricted. Global
particle number conservation can impose such a restriction,
but only if at least some of the particles are delocalized, so
that the local particle numbers are not fixed. For this reason
we consider delocalization of the fermions together with the
global particle number conservation. Another possible restric-
tion on the local operations is particle number parity conser-
vation, which has been considered in Ref. [4].
The entanglement between distinguishable particles with-
out superselection rules has been extensively studied and char-
acterized in a variety of ways for small numbers of particles.
See e.g. Refs. [5–18]. Several tools have been developed to
describe the entanglement in this case, such as the subsystem
entropy [19, 20] and polynomial invariants under local oper-
ations [6–8, 12, 15, 16, 21, 22]. For pure states of such a
system the description by these tools has a clear interpretation
in terms of the ability to demonstrate nonlocal causation. If
the subsystem entropy or the value of a polynomial invariant
is nonzero, there exist some local operations that demonstrate
nonlocal causation [23, 24].
The entanglement of indistinguishable particles has been
less explored and the tools to describe it have been less devel-
oped. In this case, using the tools created for the case of dis-
tinguishable particles can lead to a description that does not
carry the same physical meaning. For example, in a system
where the set of allowed operations on the local Hilbert space
is restricted, a nonzero entropy of a subsystem or a nonzero
value of an invariant under local operations does not necessar-
ily imply that nonlocal causation can be demonstrated.
This work describes the group of Stochastic Local Opera-
tions and Classical Communication (SLOCC) [25] for a sys-
tem of delocalized indistinguishable spin- 12 fermions with a
global particle number superselection rule, and gives a method
for constructing polynomial invariants under its action. Con-
crete examples of such invariants are given for systems of two
and three spin- 12 fermions with access to a number of spatial
modes.
Furthermore we show that if particle number conservation
is the only constraint of the system, a nonzero value of an
SLOCC invariant implies that there exist one or more bipar-
titions of the system for which Bell-nonlocal correlations can
be observed. This result extends to fermions with arbitrary
spin. We also give a necessary and sufficient condition for the
existence of SLOCC invariants as a relation between the num-
ber of fermions, their spin, and the number of spatial modes.
For the case of two spin- 12 fermions we compare the
constructed SLOCC invariant, and the entanglement mea-
sure that is obtained from it, to the subsystem entropy and
the fermionic concurrence [26], two other tools that have
been used to characterize entanglement and correlations in
2fermionic systems. It is shown that neither the subsystem en-
tropy nor the fermionic concurrence have a clear relation to
Bell-nonlocality.
Briefly we also consider a few cases with additional con-
straints, such as fixing the spatial location of a subset of the
fermions or imposing strong repulsive or attractive interac-
tion. For the case of strongly attractive interaction the relation
between SLOCC invariants and Bell-nonlocality that exists in
the unconstrained case is no longer valid.
Finally, as an example we consider a hybrid Ising-Hubbard
Hamiltonian where the groundstate entanglement is well de-
scribed by a measure constructed from a SLOCC invariant.
The peak of this groundstate entanglement occurs at a transi-
tion between two qualitatively different physical regimes, one
dominated by on-site interaction and one dominated by near-
est neighbour Ising-interaction.
The outline of the paper is the following. In Sec. II the
methods for characterizing entanglement and Bell-nonlocality
in a system with superselection rules are described. The fo-
cus is on the particle conservation superselection rule, and it
is described how to construct the group of SLOCC. Section III
gives the polynomial SLOCC invariants for two and three de-
localized spin- 12 fermions and discusses their physical mean-
ing. In addition to this two conditions for the existence of
SLOCC invariants for arbitrary numbers of fermions and ar-
bitrary spin are given. Section IV contains a brief discussion
of SLOCC invariants and measures for cases with additional
constraints and a few examples are given. In Section V the
Ising-Hubbard Hamiltonian with a groundstate that exhibits
entanglement between three fermions at a transition between
different physical regimes is described. The paper ends with
the conclusions.
II. ENTANGLEMENT AND BELL-NONLOCALITY OF
FERMIONS
The setting considered in this paper is a system contain-
ing a number of indistinguishable fermions. By fermions we
mean particles that satisfy the Pauli exclusion principle, i.e.,
any two particles with the same internal state cannot exist in
the same spatial location. This constraint is equivalent to the
requirement that the state vector acquires a minus sign when
two particles are interchanged. In particular we focus on the
case where each fermion has two internal degrees of freedom.
We therefore use the example where the internal degree of
freedom is spin and we denote the internal states by | ↑〉 and
| ↓〉, but the results of the paper are independent of the physi-
cal nature of the two internal degrees of freedom. Beyond this
we assume that the global particle number is conserved.
We also assume that the fermions have access to a finite
number of spatial modes and that at least some of the fermions
do not have well defined locations, i.e., that they are delocal-
ized. To each spatial mode we associate a party, i.e., an exper-
imenter, capable of performing measurements on any fermion
or fermions that occupy its spatial mode. For some purposes
we also consider parties with access to more than one spatial
mode.
When the locations of the fermions are not well defined it
is not operationally meaningful to consider entanglement be-
tween degrees of freedom of the individual fermions. There-
fore we instead consider entanglement between the degrees of
freedom accessible to the different parties [27–32], i.e., entan-
glement between the modes of the system [29, 30]. The dif-
ferent parts of the system that can be entangled are therefore
defined by the disjoint subsets of operations that the different
parties can perform [27, 28, 31, 32]. In our case what restricts
the allowed operations of a party to one of these subsets is
the spatial separation of the parties, but more general cases
have been considered in Ref. [32]. Entanglement between
modes in a system of fermions has been considered previously
in Refs. [4, 29, 33] for the case with a particle number parity
superselection rule.
Correlations between fermions have been studied also in the
terms of conserved quantities in systems of non-interacting
fermions [26, 34, 35] in particular the Slater rank [34] and its
generalizations [35]. The scenario where these quantities are
physically relevant is operationally different from the scenario
considered here. In particular, it does not involve spatially
separated parties performing local operations, but instead con-
siders a system under the restricted set of global operations
that do not cause interaction between the fermions.
A. Entanglement and Bell-nonlocality in a system with a
superselection rule
The concept of entanglement presupposes a division of the
system into parts corresponding to different parties. If we con-
sider the case of three parties A, B, and C we can denote a tri-
partitioning of the system by A|B|C. For a partitioning of this
type it is assumed that a given party, e.g. party A, can act only
on a subset of the degrees of freedom of the system that are lo-
cally accessible to A. These degrees of freedom are described
by the local Hilbert space HA. For a different partitioning
of the system, e.g. a bi-partitioning A|BC, it is assumed that
the degrees of freedom of both mode B and C are accessible
to a party who can perform operations on the Hilbert space
HB ⊗ HC . The full Hilbert space of the shared system is
described by the tensor product H = HA ⊗ HB ⊗ HC of
the individual local Hilbert spaces. In the case of distinguish-
able particles and without restrictions on the local operations,
a state, represented by a density matrix ρ, is entangled with
respect to a partitioning if it cannot be expressed as a separa-
ble state. For example, a three-partite state is separable if it
can be expressed as
ρ =
∑
k
pkρ
k
A ⊗ ρkB ⊗ ρkC , (1)
where ρkX is a density matrix onHX , pk > 0, and
∑
k pk = 1.
It is clear that the notion of separability depends on the par-
titioning of the system. A state that is non-separable for the
partition A|B|C may still be separable for the partition A|BC.
However, a state which is separable for the most fine grained
3partitioning, in this case A|B|C, is separable for any more
coarse grained partitioning, such as the bi-partitioning A|BC.
In a system with a conserved quantity such as a charge,
a particle number, or a parity, the set of physically allowed
operations is restricted to those that do not change the given
quantity. Such a restriction is called a super-selection rule
and imposes a restriction on the local operations that the par-
ties can perform. See e.g. Ref. [36] for an introduction to
superselection rules.
For example, when the total value of the conserved quan-
tity is the sum of local values, as is the case with the global
particle number, the allowed local operations must conserve
these local values. In this case it is possible to decompose
the Hilbert space H of a system with n spatial modes as a di-
rect sum H = ⊕q1,q2,...,qnHq1,q2,...,qn where Hq1,q2,...,qn is
the Hilbert space of the states with local conserved quantities
q1, q2, . . . , qn of the n spatial modes. The physically allowed
local operations cannot transform between the different sec-
tors defined by the different Hq1,q2,...,qn . In particular, a local
operation g on the part of the system with local conserved
quantity q1 can not change the value of q1. Any such allowed
local operation can therefore be given a block-diagonal ma-
trix form where each block is a transformation on a subspace
of the local Hilbert space corresponding to a given possible
value of q1, i.e.,
g =


Bq1=r 0 0 · · · 0 0
0 Bq1=r−1 0 · · · 0 0
0 0
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. 0 0
0 0 · · · 0 Bq1=1 0
0 0 · · · 0 0 Bq1=0


, (2)
where Bq1=i is a block containing an operation that preserves
the value q1 = i of the local conserved quantity, and r is the
maximum possible value of q1. This restriction to block diag-
onal form of the local operations implies that for two vectors
|ψ〉 and |φ〉 that belong to different sectors, i.e., that have dif-
ferent values of the local conserved quantities, it holds that
〈ψ|Q|φ〉 = 0 for any local operation Q. Therefore, if a state
is a coherent superposition 1√
2
(|ψ〉 + |φ〉) of two vectors |ψ〉
and |φ〉 it cannot be distinguished from the incoherent mixture
1
2 |ψ〉〈ψ|+ 12 |φ〉〈φ| by any local operations.
A super-selection rule of this type therefore limits the abil-
ity of the parties to distinguish different states. In particular
it limits the ability to distinguish non-separable from separa-
ble states. More precisely, for a non-separable state ρ there
may exist a separable state ρs such that all physically allowed
observables by parties A, B, and C have the same expectation
values. Therefore, we say that ρ is indistinguishable from the
separable state ρs with respect to the given partitioning A|B|C
if for any local measurementsQA, QB, and QC it holds that
Tr(QA ×QB ×QCρ) = Tr(QA ×QB ×QCρs). (3)
See also Ref. [4] for a discussion of separability in fermionic
systems with a particle number parity super-selection rule.
A state that is indistinguishable from a separable state for a
fine grained partitioning, e.g. A|B|C, may still have entangle-
ment that is detectable given a more coarse partitioning, e.g.
A|BC. This is in contrast to the case without super-selection
rules where the entanglement of the system can always be
fully detected and characterized using the most fine grained
partitioning. Thus, in general, the task of operationally char-
acterizing the entanglement in a system with a super-selection
rule requires that correlations across all partitionings are con-
sidered.
If there is no super-selection rule, parties that share a pure
entangled state can always find local measurements with out-
come correlations that are incompatible with a locally causal
description of reality [23, 24]. Correlations of this kind are
called Bell-nonlocal [2] and we will refer to states for which
such correlations can be observed as Bell-nonlocal states. If
there is a super-selection rule on the other hand a pure non-
separable state may be indistinguishable from a separable
state, and in this case all correlations are Bell-local. This is in
contrast to the case without super-selection rules where states
of this kind do not exist.
An example of a system with four spatial modes and two
particles where Bell nonlocal correlations cannot be observed
for a quadru-partition, but are present for a bipartition is the
electronic two-particle Hanbury Brown-Twiss interferometer
[37–39]. There, two electrons are emitted from independent
sources and the path of each electron is split into two paths,
i.e., two spatial modes. If the paths are A and B for one
electron and C and D for the other, Bell-nonlocality can be
observed across AC|BD and AD|BC by means of combining
paths in each part of the partition, e.g., A and C, and B and
D, respectively, by means of a beam splitter. But nonlocal
correlations cannot be observed for AB|CD or A|B|C|D.
B. Representation of three-fermion states
States of fermions can be described in terms of creation
and annihilation operators acting on the unpopulated vacuum
state. The main focus in this paper is on a systems with three
spin- 12 fermions in three spatial modes under the control of
three parties A, B, and C. We therefore give the explicit con-
struction of the global and local Hilbert spaces for this sce-
nario. We denote the creation and annihilation operators of
a fermion with spin up in the spatial mode of party A by a†↑
and a↑, respectively. In the same way let a†↓ and a↓ denote
the same operators for a fermion with spin down in the spatial
mode of A and let the operators b†↑, b↑, b
†
↓, b↓ and c
†
↑, c↑, c
†
↓, c↓
have the same meaning for parties B and C, respectively.
The application of operators c†↓a
†
↑ to the unpopulated spa-
tial modes creates a state where a fermion with spin up is with
party A and a fermion with spin down is with party C. How-
ever, applying the operators in the reverse order a†↑c
†
↓ creates
a state with the same population of the modes.
These two states are related by an exchange of the two
fermions. The antisymmetry under particle exchange implies
that the two states are related by a phase-factor −1. This is
4encoded in the anti-commutation relations for the creation and
annihilation operators
qirj + rjqi = 0, q
†
i r
†
j + r
†
jq
†
i = 0,
q†i rj + rjq
†
i = δqrδij , (4)
where q, r ∈ {a, b, c} and i, j ∈ {↑, ↓}. In particular, q†i q†i =
0 which encodes the Pauli exclusion principle that prevents
any states with more than one fermion with a given internal
state in the same spatial mode.
The fermionic exchange antisymmetry leads to a sign am-
biguity in the definition of the Hilbert space vectors. This
ambiguity can be resolved by using an operator ordering (See
e.g. Ref. [40]). We therefore use the convention that operators
are ordered as a↑, a↓, b↑, b↓, c↑, c↓, meaning an operator in the
list is always applied before any other operator to the left of it
when the basis vectors are created. Note that we have chosen
an ordering where operators that act on the same spatial mode
are consecutive. Such a choice naturally captures the spatial
separation of A, B, and C and allows for a straightforward
matrix representation of local operations.
More precisely, we define the basis vectors of the local
Hilbert space of A as
a†i |0〉 = |i〉, a†↑a†↓|0〉 = |♦〉, (5)
where i ∈ {↑, ↓}, 0 denotes an unoccupied spatial mode and♦
denotes the presence of two particles in a spatial mode. Com-
pletely analogously we define the local Hilbert spaces of B
and C by replacing a†i with b
†
i and c
†
i , respectively. The basis
vectors of the two party Hilbert space of AB are defined as
a†i |00〉 = |i0〉, b†j|00〉 = |0j〉
a†i b
†
j|00〉 = |ij〉
a†↑a
†
↓|00〉 = |♦0〉, b†↑b†↓|00〉 = |0♦〉
a†↑a
†
↓b
†
j|00〉 = |♦j〉, a†i b†↑b†↓|00〉 = |i♦〉, (6)
where i, j ∈ {↑, ↓}. The basis vectors for the Hilbert space of
BC are defined as
b†j |00〉 = |j0〉, c†k|00〉 = |0k〉,
b†jc
†
k|00〉 = |jk〉,
b†↑b
†
↓|00〉 = |♦0〉, c†↑c†↓|00〉 = |0♦〉,
b†↑b
†
↓c
†
k|00〉 = |♦k〉, b†jc†↑c†↓|00〉 = |j♦〉, (7)
where j, k ∈ {↑, ↓}, and the basis vectors for the Hilbert space
of AC are
a†i |00〉 = |i0〉, c†k|00〉 = |0k〉,
a†i c
†
k|00〉 = |ik〉,
a†↑a
†
↓|00〉 = |♦0〉, c†↑c†↓|00〉 = |0♦〉,
a†↑a
†
↓c
†
k|00〉 = |♦k〉, a†ic†↑c†↓|00〉 = |i♦〉, (8)
where i, k ∈ {↑, ↓}. Finally, the basis vectors for the full
Hilbert space are defined as
a†i b
†
jc
†
k|000〉 = |ijk〉,
a†↑a
†
↓c
†
k|000〉 = |♦0k〉, a†↑a†↓b†j|000〉 = |♦j0〉,
b†↑b
†
↓c
†
k|000〉 = |0♦k〉, a†i b†↑b†↓|000〉 = |i♦0〉,
a†ic
†
↑c
†
↓|000〉 = |i0♦〉, b†jc†↑c†↓|000〉 = |0j♦〉, (9)
where i, j, k ∈ {↑, ↓}.
If a state |ψ〉 in the full Hilbert space is described by a poly-
nomial in the creation operators that can be factorized into one
polynomial that contains only creation operators on a single
spatial mode, e.g. A, and another polynomial that contains
only creation operators on the other modes we express the
state as a product state |ψ〉 = |θ〉A|φ〉BC . In particular, all
the basis vectors of the Hilbert space, constructed above, can
be expressed as |i〉A|j〉B|k〉C for some i, j, k ∈ {↑, ↓ 0,♦}.
Note that all product vectors of this form, with particle num-
ber from zero to six, span a 64 dimensional space where the
basis vectors with three fermions in Eq. 9 span a 20 dimen-
sional subspace.
Next, we note that the operators that conserve local par-
ticle number of a spatial mode, e.g. C, are polynomials in
the creation and annihilation operators where every mono-
mial has an even number of operators, e.g c†↑c↑ and c
†
↓c
†
↑c↓c↑.
Any such polynomial commutes with a†i , b
†
j , ak and bl for
i, j, k, l ∈ {↑, ↓}, and therefore it commutes with any oper-
ator on the other spatial modes. Because of this, and given the
operator ordering where operators acting on the same spatial
mode are consecutive, we can represent the local operations
that conserve particle number in a tensor product matrix form.
For example, the operator (a†↑a↓+a
†
↓a↑)(b
†
↑b↑−b†↓b↓)c†↑c†↓c↓c↑
can be represented as


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

⊗


1 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 0

⊗


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 ,(10)
where each individual matrix acts on the local 4 dimensional
Hilbert space and is given in the basis | ↑〉, | ↓〉, |0〉, |♦〉. The
tensor product of the three matrices act on the 64 dimensional
space spanned by the product vectors. We can thus see that a
representation by an operator ordering where operators acting
on the same spatial mode are consecutive effectively gives the
Hilbert space a tensor product structure. This facilitates the
study of entanglement between the local degrees of freedom
of the different parties, represented by |↑〉, |↓〉, |0〉, |♦〉.
Finally, we consider how to construct single-party reduced
density matrices. A matrix ρC can be called a reduced density
matrix for party C if for any physically allowed local operation
QC on HC it satisfies TrABC(QCρABC) = TrC(QCρC),
where ρABC =
∑
i,j,k,l,m,n rikmr
∗
jln|ikm〉〈jln| is the den-
sity matrix of the full state. The reduced density matrix ρC is
defined as ρC = TrAB(ρABC) =
∑
kl〈kl|ρABC |kl〉AB for
5k, l ∈ {↑, ↓, 0,♦}. Since the particle conserving local oper-
ations by C commute with a†i , b
†
j for any i, j ∈ {↑, ↓} it fol-
lows that 〈ikn|QC |ikm〉 = 〈n|QC |m〉 for any i, k,m, n ∈ {↑
, ↓ 0,♦}. Therefore, ρC is given by ρC =
∑
m,n rmn|m〉〈n|
where rmn =
∑
ik rikmr
∗
ikn. The reduced density matrices of
A and B can be defined analogously.
C. Local operations satisfying the particle conservation
superselection rule
The most general type of local operations that can be
performed is the Stochastic Local Operations and Classical
Communication (SLOCC) [25]. The operational meaning of
SLOCC is that each party can entangle their modes with a
local ancillary system, and subsequently perform a projective
measurement on the ancillary system. This is then followed by
postselection based on classical communication of the mea-
surement outcomes. We limit our interest to the SLOCC op-
erations that can be reversed in a probabilistic sense, i.e., the
operations g which satisfy that |ψ〉 can be obtained from g|ψ〉
by performing another SLOCC operation. It is with respect to
the action of these reversible operations that invariants can be
defined.
As described in Sect. II A, a global conservation of particle
number implies that any local operation made on the system
must conserve the local particle number. This implies a re-
striction of the operations to the block diagonal form given
in Eq. 2. The reversible SLOCC on n spatial modes satisfy-
ing the particle conservation super-selection rule is mathemat-
ically described by a block diagonal subgroupGSLOCC of SL×n,
where SL is the special linear group. For the case of spin- 12
fermions the local action ofGSLOCC is a subgroup of SL(4). Lo-
cally on each spatial mode the action ofGSLOCC is described by
block diagonal matrices g of the form
g =


c↑↑ c↑↓ 0 0
c↓↑ c↓↓ 0 0
0 0 c00 0
0 0 0 c♦♦

 , det(g) = 1, (11)
where cij = 〈i|g|j〉 for the basis | ↑〉, | ↓〉, |0〉, |♦〉 of the local
Hilbert space. The particle conservation super-selection rule
is manifested in a block diagonal structure with three blocks.
The 2× 2 block corresponds to the action on a single fermion
in the mode, one of the 1× 1 blocks corresponds to the action
on two fermions in the mode and the other 1 × 1 block cor-
responds to the action in the absence of a fermion. Note that
the particle conservation also implies that every single-party
reduced density matrix has the same block-diagonal form as
the local operations.
The group GSLOCC is a Lie-group [41] of determinant one
matrices. Any element in such a group can be expressed as
the matrix exponential of a traceless matrix and the structure
of the a group can be described in terms of a set of genera-
tors. The generators of the Lie group are defined as a set of
traceless matrices such that any element of the group can be
expressed as a matrix exponential of some linear combination
of the generators.
For a given spatial mode, the block diagonal structure in
Eq.11 implies that the local action of the group GSLOCC is gen-
erated by the five Hermitian traceless matrices
λ1 =


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 , λ2 =


0 −i 0 0
i 0 0 0
0 0 0 0
0 0 0 0

 ,
λ3 =


1 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 0

 , λ8 =


1 0 0 0
0 1 0 0
0 0 −2 0
0 0 0 0

 ,
λ15 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −3

 . (12)
For example, this means that in the case of three
parties any element of GSLOCC can be expressed as
eαλ1+βλ2+γλ3+δλ8+ǫλ15 × eζλ1+ηλ2+θλ3+κλ8+µλ15 ×
eνλ1+ξλ2+τλ3+χλ8+ωλ15 for some α, . . . , ω ∈ C. See e.g.
Ref. [42] for a description of the generators of general SU
and SL groups.
We can define the subgroup G1,2,3 of GSLOCC as the group
with local action generated by λ1, λ2, and λ3. This group acts
only on the local subspace spanned by | ↑〉 and | ↓〉 for each
spatial mode. Analogously, we can define the subgroupG8,15
as the group with local action generated by λ8 and λ15. The
groupG8,15 contains the only operations with a non-trivial ac-
tion on |0〉 and |♦〉 which are allowed by the super-selection
rule. For example, eiπ/4λ15 × I × I corresponds to a par-
ticle exchange of the fermions in the spatial mode of party
A, conditioned on the presence of two fermions in this mode,
and a eiπ/4 global phase shift. It is clear from the form of
the generators that G1,2,3 and G8,15 commute. Therefore,
we can express GSLOCC as a product of G1,2,3 and G8,15, i.e.,
GSLOCC = G1,2,3G8,15.
For pure states of three fermions in three spatial modes the
structure of GSLOCC leads to a simple relation between Bell-
nonlocality and the ability to distinguish the state from a sep-
arable state. Such a state is Bell-nonlocal if and only if it is
distinguishable from a separable state.
Lemma 1. A pure non-separable state of three delocalized
fermions is Bell-local with respect to a given partitioning if
and only if it is indistinguishable from a separable state with
respect to the same partitioning.
Proof. The if part of the statement is trivial. We therefore
consider the only if part.
For a bi-partitioning, e.g. A|BC, a general state |ψ〉 can be
written as
|ψ〉 = r1|↑〉|θ〉+ r2|↓〉|ξ〉+ r3|0〉|φ〉+ r4|♦〉|ϕ〉, (13)
where |θ〉, |ξ〉, |φ〉, |ϕ〉 ∈ HBC . Consider the projection
of this state onto the subspace where one fermion is local-
ized with A and the two others with BC. This projection is
6r1| ↑〉|θ〉 + r2| ↓〉|ξ〉. All states in the subspace spanned by
|θ〉 and |ξ〉 contain two fermions. Therefore, within this sub-
space the operations by the party with access to the modes
B and C are not restricted by the super-selection rule. Be-
cause of this there exist measurements that exhibit nonlocal
outcome correlations provided that the state is entangled as
shown in Ref. [23]. Any outcomes where party A finds |0〉 or
|♦〉 has only local correlations regardless of the state of BC
since nonlocal correlations require at least two incompatible
measurements performed by A [2]. Such measurements can-
not be performed on the subspace spanned by |0〉 or |♦〉 due
to the particle number conservation superselection rule.
The state is thus Bell-local if and only if r1r2 = 0 or
|θ〉 = |ξ〉. Such a state is, up to local unitary operations,
of the form s1| ↓〉|ϕ〉 + s2|0〉|φ〉 + s3|♦〉|ζ〉 and since the
three terms belong to different super selction sectors this
state is indistinguishable from a separable state |s1|2| ↓〉〈↓
| ⊗ |ϕ〉〈ϕ|+ |s2|2|0〉〈0| ⊗ |φ〉〈φ| + |s3|2|♦〉〈♦| ⊗ |ζ〉〈ζ|.
For a partitioning A|B|C we consider the projection of the
state onto a subspace where one fermion is with each party.
If this projection is an entangled pure state there are measure-
ments with nonlocal outcome statistics [24]. If on the other
hand the projection is a product state the outcome statistics is
trivially Bell-local.
If instead party A finds its local state to be |0〉 the state
of parties B and C is projected onto the subspace spanned by
|↑♦〉, |↓♦〉, |♦↑〉, and |♦↓〉. No pair of local operations on B
and C can transform between a vector |i♦〉 and a vector |♦j〉
for any i, j ∈ {↑, ↓} because of the particle number conser-
vation super-selection rule. This implies that all states within
this subspace are indistinguishable from separable states. Fur-
thermore, for a vector of the kind |i♦〉 or |♦j〉, incompatible
measurements can only be performed on one of the two spa-
tial modes. Therefore any correlation between measurement
outcomes are local. The same argument can be made if we
exchange the roles of |0〉 and |♦〉, and for any permutation of
the parties A, B, and C.
D. Entanglement classification using invariants
To characterize the entanglement of a system one can de-
scribe it in terms of quantities and parameters specific to a
particular physical realization. However, our main interest is
realization independent properties, i.e., intrinsic properties of
the system.
An often used tool that depends only on intrinsic properties
and describes entanglement between two parts of a system is
the subsystem entropy [19, 20]. However, since the entropy
is a single real valued function it cannot in general capture all
the different ways in which the parts of the system can be en-
tangled. The subsystem entropy has been used in the study of
fermionic systems in for example Refs. [33, 43]. A tool that
can characterize all the different types of entanglement is the
polynomial entanglement invariants [6–8, 12, 15, 16, 21, 22].
Polynomial invariants can be constructed both for the local
unitary operations and for SLOCC. Here we focus on the in-
variants under SLOCC. A polynomial invariant of GSLOCC is
defined as a polynomial in the coefficients of the state vector
which is invariant under the action of GSLOCC. Two states are
said to have the same type of entanglement with respect to
GSLOCC if they can be converted into each other by GSLOCC with
a nonzero probability. If this is the case any ratio between two
GSLOCC invariants take the same value for the two states. In this
sense the invariants under GSLOCC serve as coordinates on the
space ofGSLOCC inter-convertibility classes, i.e., different types
of entanglement with respect to GSLOCC. However, note that
there exist a subset of the inter-covertibility classes that can-
not be distinguished by the GSLOCC invariants and even a subset
where all GSLOCC invariants take the value zero. These classes
can only be distinguished by invariants under local unitary op-
erations. A subset of the invariants with the property that all
invariants can be constructed algebraically from the subset is
called a set of generators [44]. Any such set of generators
thus gives the same description of the entanglement types as
the full set of invariants. Suitably chosen the generators cor-
respond to physically relevant properties of the system that
depend on the entanglement.
Another use for the SLOCC invariants is that any such
invariant can be used to construct a function that is non-
increasing under SLOCC, a so called entanglement monotone
[45, 46]. It was shown in Ref. [46] that if I is a SLOCC
invariant of degree k, the function |I|2/k is an entanglement
monotone. To understand the precise meaning of such a non-
increasing function under SLOCC we must understand two
properties of SLOCC operations and how they are mathemat-
ically represented. First, a SLOCC operation, when repre-
sented as a determinant one matrix, does not generally pre-
serve the norm of the state vector. This implies that if the state
vector is normalized after the SLOCC operation has been per-
formed, the value of I for the output state is in general not the
same as that of the input state. Secondly, a SLOCC operation
can in general not be performed with unit probability of suc-
cess. The outcome state is a statistical mixture of the desired
outcome state and some other state(s), and the desired SLOCC
operation is realized only after a postselection to remove the
undesired outcome states.
If the average of I is taken over all outcome states, includ-
ing the undesired ones, and these states are properly normal-
ized, this average is typically not the same as the value for I
on the input state. However, the average value of the func-
tion |I|2/k does not increase [46]. A function of this kind that
does not increase under SLOCC, an entanglement monotone,
quantifies a property of the system that cannot be created by
SLOCC. In a system without superselection rules this directly
implies that it quantifies a property of the entanglement since
all non-entangled states can be interconverted by SLOCC. In
this case the monotone serves as a measure of the particular
type of entanglement that is distinguished by the invariant it
was constructed from.
Closely related to entanglement measures is the notion of
maximally entangled states. A maximally entangled state is
defined as a pure state for which all the single-party reduced
density matrices are maximally mixed [5]. Such a state thus
has the maximal possible single-party subsystem entropy. If
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verted by SLOCC, there exist at least one entanglement mono-
tone which takes a non-zero value for |ψ〉. Furthermore, any
monotone attains its maximal value, on the SLOCC inter-
convertibility class of |ψ〉, on the set of maximally entangled
states that belong to the class [46, 47]. If there is no maxi-
mally entangled state in a given SLOCC inter-convertibility
class there still exist at least one entanglement monotone that
take nonzero values if the states in the class can be brought
arbitrarily close to maximally entangled states by SLOCC.
The results in Theorem 1 and 2 of Ref. [46] that relate
SLOCC invariants to SLOCC monotone functions and maxi-
mally entangled states are formulated in the context of distin-
guishable particles where the local action of SLOCC opera-
tions is described by general SL matrices. Nevertheless, the
theorems are valid also in the case considered here with block-
diagonal subgroups of SL and block diagonal single-party re-
duced density matrices. However, in the presence of a particle
conservation superselection rule it is not a priori clear that a
monotone measures a property of the state that corresponds
to non-local causation, since the set of SLOCC operations is
restricted. We therefore show that in the case of three spin- 12
fermions a nonzero value of an entanglement monotone im-
plies that Bell-nonlocal correlations can be observed across
all bi-partitions.
Theorem 1. If a state |ψ〉 of three spin- 12 fermions is Bell-
local over a bipartition, there does not exist any entanglement
monotone that takes a non-zero value for |ψ〉 and thus there
exist no maximally entangled state that |ψ〉 can be converted
to by SLOCC. Moreover, if |ψ〉 is Bell local any global phase
shift of the state vector |ψ〉 can be induced by a special unitary
operation. Thus, if an entanglement monotone takes a non-
zero value the state is Bell-nonlocal over every bi-partition.
Proof. As described in the proof of Lemma 1, if a three spin-
1
2 fermion state |ψ〉 is Bell-local over a bipartition A|BC
there exist a basis such that |ψ〉 = r1| ↑〉|θ〉 + r2|0〉|φ〉 +
r3|♦〉|ϕ〉. For a state of this form the determinant one ma-
trix e−6αλ3+2αλ8+αλ15 × I × I scales the state vector by a
factor of |e−3α| and changes the phase by arg(e−3α). By
making Re(α) sufficiently large we can bring the norm ar-
bitrarily close to zero. This implies that the set of states which
are inter-convertible with |ψ〉 does not contain any maximally
entangled state. This follows from the Kempf-Ness theorem
[47], and Theorem 1 of Ref. [46]. It also implies that there
does not exist any polynomial SLOCC invariant that takes a
nonzero value. This follows since no homogeneous polyno-
mial is invariant under a scaling of the state vector. Thus,
if there exist an entanglement monotone which takes a non-
zero value for a given state this state cannot have the form
|ψ〉 = r1|↑〉|θ〉+ r2|0〉|φ〉+ r3|♦〉|ϕ〉 for any bipartition and
must be Bell-nonlocal over every bipartition.
Moreover, the form of the state |ψ〉 also implies that
e3iαe−6iαλ3+2iαλ8+iαλ15 × I × I is an element of the sta-
bilizer group. This means that under the special unitary op-
eration e−6iαλ3+2iαλ8+iαλ15 × I × I the state accumulates a
phase-factor e−3iα.
Thus, for the case of three spin- 12 fermions a monotone con-
structed from a GSLOCC invariant serve as a measure of distin-
guishable entanglement, i.e., as a measure of some property
of the system that makes non-local causation possible. In par-
ticular the monotone serves as a measure of the type of distin-
guishable entanglement that is characterized by the invariant
it was constructed from.
Note that a SLOCC invariant can be nonzero for a state only
if all of its one party reduced density matrices are full rank. If
the system does not have states satisfying this property it is
impossible to construct SLOCC invariants that take nonzero
values, and there are no maximally entangled states. But be-
yond this requirement we can give a stronger constraint on
the existence of SLOCC invariants and maximally entangled
states.
Theorem 2. There exist entanglement measures and maxi-
mally entangled states for a system of spin- 12 fermions only if
the number of spatial modes equals the number of fermions.
Proof. Consider m spin- 12 fermions in a system of n spatial
modes and the matrix g
g =


1 0 0 0
0 1 0 0
0 0 reiφ 0
0 0 0 r−1e−iφ

 .
The action of g×n ∈ GSLOCC on any basis vector of the Hilbert
space depends only on the number of fermions m and the
number of spatial modes n. In particular, the action is a scal-
ing of the state vector by the factor r(n−m)e(n−m)iφ.
It follows that for r 6= 1 it is impossible to construct poly-
nomials in the state vector coefficients that are invariant under
this action unless n = m.
Thus, if the number of spin- 12 fermions does not equal the
number of spatial modes the entanglement of the system can
never be maximal in the sense that the single-party reduced
density matrices are proportional to the identity.
III. THE UNCONSTRAINED CASE
In this section we consider the case where the only phys-
ical constraint on the system of fermions is the global parti-
cle number conservation. First we consider systems with two
or three spin- 12 fermions and two or three spatial modes, re-
spectively, and SLOCC invariants for these systems are con-
structed. In addition to this, two general conditions for the
existence of SLOCC invariants, which are valid for arbitrary
spin and number of particles, are given.
A. Two parties and two spin- 1
2
fermions
For a system of two spin- 12 fermions and two spatial modes,
8operations, the SLOCC invariants are generated by a single
SLOCC invariant I0
I0 = (m↑↑m↓↓ −m↑↓m↓↑)m0♦m♦0, (14)
where mij is the amplitude of |ij〉 in the state vector. The
invariant is a product of the concurrence polynomial [6] which
is the only generator of the G1,2,3 invariants, and the factor
m0♦m♦0 which is necessary for invariance under G8,15.
A measure can be constructed from I0 as
|I0|1/2 = |(m↑↑m↓↓ −m↑↓m↓↑)m0♦m♦0|1/2. (15)
The fact that the SLOCC invariants are generated by a sin-
gle polynomial implies that there exist only a single maxi-
mally entangled state up to local unitary transformations. This
state is given by
1
2
(|↑↑〉+ |↓↓〉+ |0♦〉+ |♦0〉). (16)
The measure |I0|1/2 takes its maximum value 1/4 for this
state.
1. Comparison with the Slater rank and fermionic concurrence
Here we briefly compare the description of entanglement
using the invariant I0 and its corresponding measure to the
Slater rank and fermionic concurrence constructed in Ref.
[34] and Ref. [26], respectively. The context of both these
constructions is the description of correlations in a system of
non-interacting fermions undergoing global unitary evolution.
In such a non-interacting system the Slater rank [34] is a con-
served quantity and has been considered as a way to character-
ize correlations between the fermions. The Slater rank is de-
fined as the minimal number of Hilbert space vectors needed
to describe the state of the system, up to global unitary opera-
tions that do not cause interaction between the particles. For a
system of n spatial modes this group is U(2n) with an action
on each of the single particle Hilbert spaces. This scenario
is different from the standard entanglement scenario since it
does not feature local parties with access to different parts of
the system but instead a single party with access to the whole
system. See also Ref. [30] for a discussion comparing the
different characterizations of correlations.
The group of all local unitary operations include some op-
erations that cause interaction and are therefore not allowed in
the non-interacting scenario of Ref. [34]. The Slater rank of
two fermions is not a conserved quantity under these opera-
tions. An example of a local operation that causes interaction
is a particle exchange in the spatial mode of party A, repre-
sented by e−iπ/4eiπ/4λ15 × I . To see this consider the state
|ψ1〉 with Slater rank 1
|ψ1〉 = 1
2
(|↓↑〉 − |↑↓〉 − |♦0〉 − |0♦〉)
=
1
2
(a†↓b
†
↑ − a†↑b†↓ − a†↑a†↓ − b†↑b†↓)|00〉
=
1
2
(a†↓ + b
†
↓)(a
†
↑ + b
†
↑)|00〉. (17)
The local unitary operation e−iπ/4eiπ/4λ15 × I transforms
|ψ1〉 to the state |ψ2〉 given by
|ψ2〉 = 1
2
(|↓↑〉 − |↑↓〉+ |♦0〉 − |0♦〉)
=
1
2
(a†↓b
†
↑ − a†↑b†↓ + a†↑a†↓ − b†↑b†↓)|00〉
=
1
2
[a†↓(b
†
↑ − a†↑) + b†↓(a†↑ + b†↑)]|00〉, (18)
which has Slater rank 2. Both, |ψ1〉 and |ψ2〉 are maximally
entangled and thus |I0|1/2 takes its maximum value 1/4 for
both states.
It can also be noted that the Slater rank does not make a
difference between states that are distinguishable and states
that are indistinguishable from separable states. The state |ψ3〉
is the familiar Bell state while the state |ψ4〉 is a superposition
of a pair of fermions being either with A or with B and cannot
be distinguished from a separable state
|ψ3〉 = 1√
2
(|↑↓〉+ |↓↑〉)
|ψ4〉 = 1√
2
(|♦0〉+ |0♦〉). (19)
Both of the states have Slater rank 2.
In relation to the Slater rank a correlation measure, the
fermionic concurrence, defined by
|m0♦m♦0 −m↑↑m↓↓ +m↑↓m↓↑|, (20)
was introduced in Ref. [26] and is zero if and only if the Slater
rank is 1. Since the Slater rank is not conserved by local op-
erations neither is the fermionic concurrence. The fermionic
concurrence is zero for the state |ψ1〉 but equals 1/2 for |ψ2〉.
It is thus clear that the description of correlations in Ref.
[34] and the description of entanglement considered in this
paper describe qualitatively different properties of the system.
Moreover, the Slater rank and the fermionic concurrence are
not invariant under local unitary operations and the latter can
thus not be used as an entanglement measure.
2. Comparison with the subsystem entropy
For a pure state |Ψ〉 the subsystem entropy E ≡
−Tr[ρA ln(ρA)] of the reduced density matrix ρA of party A
quantifies the extent of mixedness of ρA. In a system without
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glement and Bell-nonlocality. If E = 0 party A is unentangled
with the rest of the system and the state is Bell local, and if
E > 0 there is entanglement and Bell-nonlocality. In particu-
lar if E = ln(d), where d is the dimension of the local Hilbert
space, the state is maximally entangled with the rest of the
system.
In the case with the particle conservation super-selection
rule the connection with entanglement and Bell-nonlocality is
not this simple. For example the two states |ψ3〉 and |ψ4〉 in
Eq. 19 both have the subsystem entropy ln(2). While |ψ3〉 is a
maximally entangled Bell state of two localized particles, the
state |ψ4〉 is indistinguishable from a separable state. Nev-
ertheless, the subsystem entropy reaches its maximal value
ln(4) for the maximally entangled state in Eq. 16. Moreover,
if the state is Bell local it follows that E ≤ ln(3). This can be
seen from the proof of Lemma 1 since a Bell-local state can
always be written s1|↓〉|ϕ〉+ s2|0〉|φ〉+ s3|♦〉|ζ〉 up to local
unitary transformations. The reduced density matrix is then
of rank 3 or less. Thus, for a pure state a subsystem entropy
above ln(3) guarantees Bell-nonlocality but no conclusions
can be made for a lower but nonzero value.
B. Three spin- 1
2
fermions and three parties
For three spin- 12 fermions shared between three parties
there is at least 7 independent SLOCC invariants. As opposed
to the case of three distinguishable spin- 12 particles where the
number of SLOCC inter-convertibility classes is finite, in this
case there is an infinite number of such classes parametrized
by at least these 7 invariants.
The method used here to construct the GSLOCC invariants is
to find the algebra of polynomial G1,2,3-invariants and then
select the subalgebra of G8,15 invariants. Since G1,2,3 and
G8,15 commute this subalgebra contains all the GSLOCC invari-
ants. Furthermore,G1,2,3 is isomorphic to SL(2)×3 and there-
fore it is possible to use Cayley’s Omega Process (see e.g.
[44]) to find theG1,2,3 invariants. The Cayley Omega Process
is an iterative method to construct the invariants from a rep-
resentation of the states of the system by a set of multilinear
forms. This procedure is described in the Appendix.
While the Omega Process can be used to construct invari-
ants it does not allow us to know if a given set of invariants
generate the full algebra of SLOCC invariants. There is thus
no guarantee that the seven constructed invariants are suffi-
cient to generate all invariants. A simple dimension count-
ing argument comparing the dimension of the Hilbert space
with the dimension of the group GSLOCC gives that there must
be at least 20-15=5 complex parameters describing the set of
SLOCC interconvertibility classes. From this argument it is
thus not ruled out that 7 invariants are sufficient.
Using the Omega Process a set of seven linearly indepen-
dent invariants of degrees 4, 4, 8, 8, 8, 12, and 12 were found.
The search did not yield any generators of degree 16. Higher
degrees were not considered due to the rapidly increasing
complexity of the search when the degrees increase. Thus, no
conclusions can be made about the existence of higher degree
invariants.
Since several independent invariants exist for each degree
there is no unique choice of generators as homogeneous poly-
nomials. The set was therefore chosen to give the individual
invariants a clear physical meaning. The two invariants of de-
gree 4 were chosen as
I(1) = m↑0♦m0♦↑(m♦↑0m↓↓↓ −m♦↓0m↓↑↓)
+m↑0♦m0♦↓(m♦↓0m↓↑↑ −m♦↑0m↓↓↑)
+m↓0♦m0♦↑(m♦↓0m↑↑↓ −m♦↑0m↑↓↓)
+m↓0♦m0♦↓(m♦↑0m↑↓↑ −m♦↓0m↑↑↑), (21)
and
I(2) = m↑♦0m♦0↑(m0↑♦m↓↓↓ −m0↓♦m↓↑↓)
+m↑♦0m♦0↓(m0↓♦m↓↑↑ −m0↑♦m↓↓↑)
+m↓♦0m♦0↑(m0↓♦m↑↑↓ −m0↑♦m↑↓↓)
+m↓♦0m♦0↓(m0↑♦m↑↓↑ −m0↓♦m↑↑↑), (22)
where mijk is the amplitude of |ijk〉 in the state vector. A
state for which I(1) or I(2) is nonzero is Bell-nonlocal for
every bi-partition, but does not necessarily show non-locality
for a tripartition. This is thus the minimal required pattern of
Bell-nonlocality necessary for the existence of SLOCC invari-
ant entanglement as described in Theorem 1. Note that I(1) or
I(2) are related by a permutation of any pair of the spatial
modes.
The three invariants of degree 8 were chosen as
IBC =(m0♦↑m♦0↓ −m0♦↓m♦0↑)(m0↑♦m♦↓0 −m0↓♦m♦↑0)
×
[
2m↑0♦m↑♦0(m↓↓↑m↓↑↓ −m↓↓↓m↓↑↑) + 2m↓0♦m↓♦0(m↑↓↑m↑↑↓ −m↑↓↓m↑↑↑)
+ (m↑0♦m↓♦0 +m↓0♦m↑♦0)(m↓↓↓m↑↑↑ −m↓↑↓m↑↓↑ −m↓↓↑m↑↑↓ +m↓↑↑m↑↓↓)
]
, (23)
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IAC =(m0♦↑m♦0↓ −m0♦↓m♦0↑)(m↑0♦m↓♦0 −m↓0♦m↑♦0)
×
[
2m0↑♦m♦↑0(m↓↓↑m↑↓↓ −m↓↓↓m↑↓↑) + 2m0↓♦m♦↓0(m↓↑↑m↑↑↓ −m↓↑↓m↑↑↑)
+ (m0↑♦m♦↓0 +m0↓♦m♦↑0)(m↓↓↓m↑↑↑ −m↓↑↑m↑↓↓ +m↓↑↓m↑↓↑ −m↓↓↑m↑↑↓)
]
, (24)
and
IAB =(m0↑♦m♦↓0 −m0↓♦m♦↑0)(m↑0♦m↓♦0 −m↓0♦m↑♦0)
×
[
2m0♦↑m♦0↑(m↓↑↓m↑↓↓ −m↓↓↓m↑↑↓) + 2m0♦↓m♦0↓(m↓↑↑m↑↓↑ −m↓↓↑m↑↑↑)
+ (m0♦↑m♦0↓ +m0♦↓m♦0↑)(m↓↓↓m↑↑↑ −m↓↑↑m↑↓↓ −m↓↑↓m↑↓↑ +m↓↓↑m↑↑↓)
]
. (25)
Any state for which IBC is nonzero displays nonlocal cor-
relations between B and C in addition to the nonlocality over
all bipartitons. If the state is projected onto the subspace
where each party has a fermion, it is a separable state for A|BC
but not for any other bipartition. Thus, if IBC is nonzero there
exist local measurements with nonlocal correlations for par-
ties B and C.
The invariants IAC and IAB have the same meaning for the
two other pairs of parties. Furthermore, the three invariants
IAC , IBC , and IAB are independent of I(1) and I(2) in the
sense that the set of invariants {IAB , IBC , IAC , I21 , I22 , I1I2}
does not have any element which is a linear combination of
the other elements.
The two degree twelve invariants were chosen as
I
(1)
ABC =(m0♦↑m♦0↓ −m0♦↓m♦0↑)(m0↑♦m♦↓0 −m0↓♦m♦↑0)(m↑0♦m↓♦0 −m↓0♦m↑♦0)
×
[
2m↑0♦m0♦↑(m♦↓0m↓↑↑ −m♦↑0m↓↓↑)(m↓↑↓m↑↓↓ −m↓↓↓m↑↑↓)
+ 2m↑0♦m0♦↓(m♦↓0m↓↑↓ −m♦↑0m↓↓↓)(m↓↑↑m↑↓↑ −m↓↓↑m↑↑↑)
+ 2m↓0♦m0♦↑(m♦↓0m↑↑↑ −m♦↑0m↑↓↑)(m↓↓↓m↑↑↓ −m↓↑↓m↑↓↓)
+ 2m↓0♦m0♦↓(m♦↓0m↑↑↓ −m♦↑0m↑↓↓)(m↓↓↑m↑↑↑ −m↓↑↑m↑↓↑)
+m↑0♦m0♦↓(m♦↓0m↓↑↑ −m♦↑0m↓↓↑)(m↓↓↑m↑↑↓ +m↓↓↓m↑↑↑ −m↓↑↑m↑↓↓ −m↓↑↓m↑↓↑)
+m↑0♦m0♦↑(m♦↓0m↓↑↓ −m♦↑0m↓↓↓)(m↓↓↑m↑↑↓ +m↓↓↓m↑↑↑ −m↓↑↑m↑↓↓ −m↓↑↓m↑↓↑)
+m↓0♦m0♦↓(m♦↓0m↑↑↑ −m♦↑0m↑↓↑)(m↓↑↑m↑↓↓ +m↓↑↓m↑↓↑ −m↓↓↑m↑↑↓ −m↓↓↓m↑↑↑)
+m↓0♦m0♦↑(m♦↓0m↑↑↓ −m♦↑0m↑↓↓)(m↓↑↑m↑↓↓ +m↓↑↓m↑↓↑ −m↓↓↑m↑↑↓ −m↓↓↓m↑↑↑)
]
, (26)
and
I
(2)
ABC =(m0♦↑m♦0↓ −m0♦↓m♦0↑)(m0↑♦m♦↓0 −m0↓♦m♦↑0)(m↑0♦m↓♦0 −m↓0♦m↑♦0)
×
[
2m↑♦0m♦0↑(m0↓♦m↓↑↑ −m0↑♦m↓↓↑)(m↓↑↓m↑↓↓ −m↓↓↓m↑↑↓)
+ 2m↑♦0m♦0↓(m0↓♦m↓↑↓ −m0↑♦m↓↓↓)(m↓↑↑m↑↓↑ −m↓↓↑m↑↑↑)
+ 2m↓♦0m♦0↑(m0↓♦m↑↑↑ −m0↑♦m↑↓↑)(m↓↓↓m↑↑↓ −m↓↑↓m↑↓↓)
+ 2m↓♦0m♦0↓(m0↓♦m↑↑↓ −m0↑♦m↑↓↓)(m↓↓↑m↑↑↑ −m↓↑↑m↑↓↑)
+m↑♦0m♦0↓(m0↓♦m↓↑↑ −m0↑♦m↓↓↑)(m↓↓↑m↑↑↓ +m↓↓↓m↑↑↑ −m↓↑↑m↑↓↓ −m↓↑↓m↑↓↑)
+m↑♦0m♦0↑(m0↓♦m↓↑↓ −m0↑♦m↓↓↓)(m↓↓↑m↑↑↓ +m↓↓↓m↑↑↑ −m↓↑↑m↑↓↓ −m↓↑↓m↑↓↑)
+m↓♦0m♦0↓(m0↓♦m↑↑↑ −m0↑♦m↑↓↑)(m↓↑↑m↑↓↓ +m↓↑↓m↑↓↑ −m↓↓↑m↑↑↓ −m↓↓↓m↑↑↑)
+m↓♦0m♦0↑(m0↓♦m↑↑↓ −m0↑♦m↑↓↓)(m↓↑↑m↑↓↓ +m↓↑↓m↑↓↑ −m↓↓↑m↑↑↓ −m↓↓↓m↑↑↑)
]
. (27)
A state for which I(1)ABC or I
(2)
ABC is nonzero features Bell- nonlocality between any pair of parties. A projection of such
11
a state onto the subspace where there is one particle with
each party is in either the GHZ SLOCC interconvertibility
class or in the W SLOCC interconvertibility class of three
distinguishable spin- 12 particles. These two SLOCC classes
are the only two classes for such a system where the states in
the class are not separable for any partition [9]. Moreover,
the two invariants I(1)ABC and I
(2)
ABC are independent of the
lower degree invariants in the sense that the set of invariants
{I(1)ABC , I(2)ABC , I2IAB, I2IBC , I2IAC , I1IAB, I1IBC , I1IAC ,
I31 , I
3
2 , I
2
1 I2, I
2
2I1} does not have any element which is a
linear combination of the other elements.
Note that for states that are symmetric under
permutations of the spatial modes, the invariants
IAB , IBC , IAC , I
(1)
ABC , I
(2)
ABC take the value zero.
Measures corresponding to the individual invari-
ants can be constructed as |I(1)|1/2, |I(2)|1/2, |IAB |1/4,
|IBC |1/4, |IAC |1/4, |I(1)ABC |1/6, and |I(2)ABC |1/6, respectively.
But any homogeneous polynomial formed by combining the
invariants can be used to construct a measure. For example,
the invariants I(1)+I(2) and IAB+IAC+IBC can be used to
construct measures |I(1)+I(2)|1/2 and |IAB+IAC+IBC |1/4
that are invariant under permutations of the spatial modes.
C. Examples of maximally entangled states
To better understand the different types of entanglement
parametrised by the invariants, we can consider a few exam-
ples of maximally entangled states for which only one single
SLOCC invariant takes a nonzero value. A maximally entan-
gled state for which I(2) 6= 0 while I(1) = IAB = IBC =
IAC = I
(1)
ABC = I
(2)
ABC = 0 is
1
2
(|↑♦0〉+ |0↑♦〉+ |♦0↑〉+ |↓↓↓〉). (28)
Thus, this state only has entanglement of the type distin-
guished by I(2). For the tri-partitioning A|B|C no measure-
ments can distinguish this state from a separable state. How-
ever, entanglement is detectable for any bipartition of the sys-
tem, i.e., for A|BC, B|AC, and C|AB. Moreover, the measure
|I(2)|1/2 takes its maximal value 1/4 for this state. A state
for which only I(1) is nonzero can be found by permuting any
pair of the parties.
In a similar way we can construct a state for which the only
nonzero invariant is IAB ,
1√
8
(|↑♦0〉+ |0↑♦〉+ |♦0↑〉+ |0♦↑〉
+ |↓0♦〉+ |♦↓0〉+ |↓↑↓〉+ |↑↓↓〉). (29)
This state contains an amplitude of a Bell-state between A
and B, 1/
√
2(| ↓↑〉+ | ↑↓〉)⊗ |↓〉. Therefore apart from Bell-
nonlocality across every bipartition, Bell-nonlocality is also
exhibited between A and B but not between A and C or B and
C. States that give nonzero values only to IAC or IBC can be
constructed by permuting parties.
A state for which only I(1)ABC is nonzero is
1√
12
[√
2(|↑0♦〉+ |0♦↑〉+ |♦↑0〉)
+ |♦0↓〉+ |0↓♦〉+ |↓♦0〉
+ |↓↑↓〉+ |↑↓↓〉+ |↓↓↑〉]. (30)
This state contains an amplitude of the W state 1/
√
3(| ↓↑↓
〉 + | ↑↓↓〉 + | ↓↓↑〉) and therefore features nonlocality for
every pair of parties. A similar state for which only I(2)ABC is
non-zero can be constructed by permuting any two parties.
D. Arbitrary number of fermions and arbitrary spin
In Sect. II D the relation between SLOCC invariants and
Bell-nonlocality, was given in Theorem 1. Furthermore, in
Theorem 2 the relation between the number of fermions, m,
and the number of spatial modes, n, that is needed for the
existence of entanglement measures and maximally entangled
states was given. These relations can be generalized to higher
spin and to larger numbers of fermions.
First we consider the generalization of Theorem 2.
Theorem 3. In a system of n spatial modes andm delocalized
spin- p2 fermions, where m ≥ p+ 1, entanglement measures
and maximally entangled states exist if and only if m/n =
(p+ 1)/2.
Proof. To show necessity of the relationm/n = (p+1)/2 we
construct the generalization of the proof of Theorem 2. Con-
sider m delocalized spin- p2 fermions in a system of n spatial
modes.
Each fermion has p+1 internal degrees of freedom. There-
fore the subspace of the local Hilbert space corresponding to
one fermion in the spatial mode has dimension p + 1. The
subspace corresponding to k fermions in a spatial mode has a
dimension given by the binomal coefficient
(
p+1
k
)
due to the
Pauli exclusion principle. The full Hilbert space of a spatial
mode therefore has dimension
∑p+1
k=0
(
p+1
k
)
= 2p+1.
Consider the diagonal 2p+1 × 2p+1 matrix g acting on the
local Hilbert space of some spatial mode
g =


B0 0 0 · · · 0 0
0 B1 0 · · · 0 0
0 0
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. 0 0
0 0 · · · 0 Bp 0
0 0 · · · 0 0 Bp+1


,
where Bk is a
(
p+1
k
) × (p+1k
)
, block corresponding to k
fermions in the spatial mode, where all off-diagonal elements
are zero and all diagonal elements are equal to e(1−
2k
p+1
)φ for
φ ∈ C.
The operation g×n belongs to the GSLOCC group for spin- p2
fermions since det(g) = 1. The action of g×n on any basis
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vector of the Hilbert space depends only on the number m of
fermions and the number n of spatial modes. More precisely,
this action is a scaling factor e[n−2m/(p+1)]φ of the state vec-
tor.
It follows that for Re(φ) 6= 0 it is impossible to construct
polynomials in the state vector coefficients that are invariant
under this action unless m/n = (p+ 1)/2.
For the sufficiency of the relation m/n = (p + 1)/2 we
make an explicit construction of maximally entangled states
for arbitrary n,m, and p satisfying the relation. For a given
p, consider the sequence s(p + 1) ≡ 0, 1, 2, . . . , 2p+1 −
3, 2p+1 − 2, 2p+1 − 1, where 0 represents the absence of a
fermion and the other entries represent the different basis vec-
tors of the local Hilbert space where one or more fermions
occupy the mode. Let σ be the cyclic permutation defined
by σ(0, 1, 2, . . . , 2p+1 − 3, 2p+1 − 2, 2p+1 − 1) = 2p+1 −
1, 0, 1, 2, . . . , 2p+1 − 3, 2p+1− 2. Furthermore, let σk denote
the composition of k such cyclic permutations.
Each sequence of this kind corresponds to a Hilbert space
vector which is a product of local states as given by the se-
quence. Given this we can define a state |Ψp+1σ 〉 by
|Ψp+1σ 〉 =
1√
2p+1
2p+1∑
i=1
|σi(0, 1, . . . , 2p+1 − 2, 2p+1 − 1)〉,
which is a maximally entangled state of 2p(p + 1) fermions
with spin p2 delocalized over 2
p+1 spatial modes. To verify
this we calculate the single-party reduced density matrices and
see that they are all maximally mixed. For any spatial mode
the state |Ψp+1σ 〉 can be written as
|Ψp+1σ 〉 =
1√
2p+1
2p+1−1∑
i=0
|i〉|θi〉, (31)
where 〈θi|θj〉 = 0 if i 6= j. Thus, the single spatial mode
reduced density matrices are diagonal. Moreover, since each
term in Eq. 31 comes with the same coefficient 1/
√
2p+1,
each of the reduced density matrices are proportional to the
identity.
To construct states of r2p(p + 1) fermions with spin p2
delocalized over r2p+1 spatial modes we form a sequence
s(r, p + 1) ≡ s(p + 1)s(p + 1) . . . s(p + 1) by concatenat-
ing r copies of s(p + 1), i.e., s(r, p + 1) ≡ 0, 1, . . . , 2p+1 −
2, 2p+1 − 1, 0, 1, . . . , 2p+1 − 2, 2p+1 − 1, 0, 1, . . . . From this
sequence we then define the state
|Ψr,p+1σ 〉 =
1√
2p+1
2p+1∑
i=1
|σi[s(r, p+ 1)]〉.
In this way we can construct maximally entangled states for
any n,m, and p that satisfies m/n = (p+ 1)/2.
The simplifying assumption m ≥ p+ 1 is made to en-
sure that the local Hilbert space of each spatial mode is not
constrained by the total particle number in the system. From
Theorem 3 we can conclude that, given m ≥ p+ 1, the par-
ticle species determines the required ratio of particles to the
number of spatial modes for the existence of maximal entan-
glement. Since for fermions p is an odd number, the filling
fraction m/n = (p + 1)/2 of the spatial modes is always an
integer.
Next we consider the generalization of Theorem 1.
Theorem 4. Let |ψ〉 be a state of m delocalized spin- p2fermions in n modes where m/n = (p + 1)/2. If |ψ〉 is Bell-
local over a bipartition of the system into a single mode and
n− 1 modes, there exist no entanglement monotones that take
a nonzero value. This implies that |ψ〉 cannot be converted to
a maximally entangled state by SLOCC. Moreover, local spe-
cial unitary operations can induce an arbitrary global phase
shift of the state vector |ψ〉. Thus, if an entanglement mono-
tone takes a non-zero value the state is Bell-nonlocal over ev-
ery bi-partition of this type.
Proof. For a partitioning into a single spatial mode and n− 1
modes, a general state |ψ〉 can be written as
|ψ〉 =
p+1∑
k=1
(p+1k )∑
ik=1
rik |ik〉|θik〉+ r0|0〉|φ〉,
where the |ik〉 is a basis of the subspace of the local Hilbert
space of the single mode corresponding to k fermions in the
mode, and |0〉 represents no fermion in the mode. The |θik〉
are states of m − k fermions in n − 1 modes and |φ〉 is a
state of m fermions in n − 1 modes. Consider the projection
of the state onto a subspace where k fermions are localized
in the single-mode part of the partitioning and m − k in the
remaining n− 1 modes. Every state in the subspace spanned
by the |θik〉 contains the same number of fermions. Therefore,
within this subspace the operations by a party with access to
the n − 1 partition are not restricted by the super-selection
rule. Thus, nonlocal correlations in this superselection sector
can be observed if and only if the projection of the state to this
sector is entangled.
Therefore, the state is Bell-nonlocal if for some k the state
satisfies |θik〉 6= |θjk〉 and rikrjk 6= 0 for some ik and jk.
If the state is Bell-local it thus follows that rikrjk = 0 or
|θik〉 = |θjk〉 for each pair of ik, jk and each k. Such a
state is, up to local unitary operations, of the form |ψ′〉 =∑p+1
k=1 s1k |1k〉|ϕk〉 + s2|0〉|φ〉, where 1k is a given state of k
fermions in the mode, and is indistinguishable from a sepa-
rable state
∑p+1
k=1 |s1k |2|1k〉〈1k| ⊗ |ϕk〉〈ϕk| + |s2|2|0〉〈0| ⊗
|φ〉〈φ|.
Next consider the diagonal 2p+1 × 2p+1 determinant one
matrix
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g(α) =


B1 0 0 · · · 0 0 0
0 B2 0 · · · 0 0 0
0 0
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. 0 0 0
0 0 · · · 0 Bp 0 0
0 0 · · · 0 0 e(1−2p)α 0
0 0 · · · 0 0 0 e(1−2p)α


,
where the last two columns corresponds to the action on |0〉
and |1p+1〉, respectively, where |1p+1〉 is the state of p + 1
fermions in the mode, and each Bk is a
(
p+1
k
)× (p+1k
)
block
Bk =


e(1−2
p)α 0 0 · · · 0
0 e(1+2
p)α 0 · · · 0
0 0 eα
.
.
.
.
.
.
.
.
.
.
.
. 0
0 0 · · · 0 eα


,
where α ∈ C. Here the first column corresponds to the action
on the local state |1k〉.
For a state of the form
∑p+1
k=1 s1k |1k〉|ϕk〉 + s2|0〉|φ〉 the
SLOCC operation g(α) × I · · · × I scales the state vector by
a factor of |e(1−2p)α| and changes the phase by arg[e(1−2p)α].
By making Re(α) sufficiently large we can bring the norm
arbitrarily close to zero. This implies that the set of states
which are inter-convertible with |ψ′〉 does not contain any
maximally entangled states [46, 47] and that no polynomial
SLOCC invariant exists. This follows since no homogeneous
polynomial is invariant under a scaling of the state vector.
Thus, if there exist an entanglement monotone which takes
a non-zero value for a state this state cannot have the form∑p+1
k=1 s1k |1k〉|ϕk〉+ s2|0〉|φ〉 for any bipartition into a single
mode and n− 1 modes. Thus, the state must be Bell-nonlocal
over every such bipartition.
The form of the state |ψ′〉 also implies that when Re(α) =
0 the SLOCC operation is special unitary and under this op-
eration g(α) × I · · · × I the state accumulates a phase-factor
e(1−2
p)α
. Thus, e(2p−1)αg(α)× I · · · × I is an element of the
stabilizer group.
Theorem 4 shows that just as in the case of spin- 12 fermions
the existence of SLOCC invariants and monotones implies
that there exist bipartitions for which the system is Bell-
nonlocal.
IV. ADDITIONAL CONSTRAINTS
Section III described entanglement measures in the case
of unconstrained dynamics where any spatial configuration
of the fermions compatible with the Pauli exclusion princi-
ple was allowed. We can however consider cases where the
dynamics is more constrained. Here we consider the cases of
strongly repulsive and strongly attractive interaction between
the fermions and the case where one or more of the fermions
are in fixed spatial locations.
In these cases the more constrained dynamics leads to a
lower dimensional local Hilbert space for one or more of the
spatial modes, and the group of local operations is therefore
also constrained. This changes the notion of maximal entan-
glement as well as the role of invariants under the local oper-
ations and the corresponding measures.
A. Strong repulsive or attractive interaction
We first consider the case of spin- 12 fermions with either
strong repulsive or strong attractive interaction. The relation
between SLOCC invariants and Bell-nonlocality described in
Theorem 1 carries over to the case of strongly repulsive inter-
action between the fermions. However, in the case of strongly
attractive interaction the same simple relation does not hold.
1. Strongly repulsive interaction
In the limit of strong repulsive interaction between the
fermions, double occupancies of a spatial mode are effec-
tively not possible and the local Hilbert space of any mode
is spanned by only |↑〉, |↓〉, and |0〉.
A strong repulsion between the fermions can be caused by
for example Coulomb interaction or in the case of composite
fermions the Fermi-repulsion between the constituent parti-
cles [48]. If the composite Fermions have an effective size that
is large compared to the size of the spatial modes the Fermi
repulsion can prevent double occupancies.
Entanglement in the case of strong repulsion was consid-
ered in Ref. [49] for the case of two particles. With this con-
straint the degree of any SLOCC invariant polynomial is a
multiple of three. In this case the full set of invariants is gen-
erated by only two invariants of degree 3 and 6, respectively.
These are
I1 =(m↑↑0m↓↓0 −m↑↓0m↓↑0)
×(m0↑↑m0↓↓ −m0↑↓m0↓↑)
×(m↑0↑m↓0↓ −m↑0↓m↓0↑), (32)
and
I2 =m↑↑0(m0↓↓m↓0↑ −m0↓↑m↓0↓)
+m↑↓0(m0↑↑m↓0↓ −m0↑↓m↓0↑)
+m↓↑0(m0↓↑m↑0↓ −m0↓↓m↑0↑)
+m↓↓0(m0↑↓m↑0↑ −m0↑↑m↑0↓). (33)
Just as in the unconstrained case a nonzero value of any of
these two invariants implies that the state is Bell-nonlocal for
all bipartitions. This property remains true also for higher spin
and larger numbers of particles, i.e., if a SLOCC invariant is
nonzero there the state is Bell-nonlocal across all bipartitions
into a single spatial mode and the rest of the modes, as shown
in Ref. [49].
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2. Strongly attractive interaction
For completeness we consider the case of spin- 12 fermions
with strong attractive interaction as well. The entanglement
properties of such a system depends on whether the number
of fermions is odd or even.
The case of even fermion number serves as an example
where a nonzero value of a SLOCC invariant does not im-
ply that the state is Bell-nonlocal. If the particle interaction is
strongly attractive and the number of spin- 12 fermions is even,
the local Hilbert space of a spatial mode is effectively reduced
to the span of |0〉 and |♦〉. Due to the particle number su-
perselection rule the local action of the group of SLOCC is
described by 2× 2 diagonal determinant one matrices.
For two parties sharing two fermions the SLOCC invariants
are generated by the monomial
I = m0♦m♦0. (34)
In this simple case it is impossible to observe Bell-nonlocal
correlations since the Hilbert space is spanned by the two vec-
tors |0♦〉 and |♦0〉 which have different local particle num-
bers. Thus, in contrast to the case of strongly repulsive inter-
action a SLOCC invariant that takes a nonzero value does not
imply that the state is Bell-nonlocal.
Bell-nonlocality can only be observed if a larger system
is considered and each partition contains at least two spa-
tial modes. For a system of four fermions and four par-
ties all invariants are generated by the three degree 2 invari-
ants,m0♦♦0m♦00♦,m0♦0♦m♦0♦0, andm00♦♦m♦♦00. The
states in a system of this type are Bell local for the quadru-
partition A|B|C|D, as well as any tripartition, e.g., AB|C|D. For
bipartitions with two parties in each partition Bell-nonlocal
states can be constructed. Two parties in each partition are
needed so that the Hilbert space of each part has a two-
dimensional two-fermion subspace. Then the entanglement
and Bell-nonlocality can be analysed analogously to the case
of two localized spin- 12 particles with the spatial position of
a fermion pair replacing the spin degree of freedom. A given
state may be Bell-nonlocal for more than one bipartition. For
example 1/
√
2(|0♦♦0〉 + |♦00♦〉) is Bell-nonlocal for the
partition AB|CD as well as the partition AC|BD.
Although a nonzero SLOCC invariant in general is no guar-
antee for Bell-nonlocality across a bipartition, special invari-
ants with this property can be constructed. These are
IAB|CD = m0♦♦0m♦00♦ −m0♦0♦m♦0♦0,
IAD|BC = m00♦♦m♦♦00 −m0♦0♦m♦0♦0,
IAC|BD = m0♦♦0m♦00♦ −m00♦♦m♦♦00. (35)
Here IAB|CD is essentially the concurrence [6] across AB|CD
and a nonzero value guarantees the existence of Bell-nonlocal
correlations. The invariants IAD|BC and IAC|BD have the
analogous meaning for the two other bipartitions.
If the number of fermions is odd there will still remain one
unpaired fermion. This implies that the local Hilbert space of
any mode is spanned by | ↑〉, | ↓〉, |0〉, and |♦〉, and that there
exist states that are Bell-nonlocal across all bipartitions into
one spatial mode and the rest, e.g. A|BCD. An example of a
three mode state that is Bell-nonlocal across all bipartitions is
1√
6
(|↑♦0〉+ |↓0♦〉+ |0↑♦〉+ |♦↓0〉+ |♦0↑〉+ |0♦↓〉).
(36)
However, maximally entangled states do not exist and
therefore there are no SLOCC invariants. It can be shown that
it is impossible to choose the state vector coefficients so that
all reduced density matrices are maximally mixed, and that it
is impossible to form polynomials that are invariant under the
action of G8,15.
B. Partial localization
Some physical systems can be modelled as a combination
of localized and mobile particles. There exist materials where
interaction between the localized and mobile particles is im-
portant for physical properties. See e.g. Ref. [50] for a theo-
retical study and Refs. [51–55] for examples of layered tran-
sition metal oxides with this kind of interaction.
In a system with such partial localization, the local Hilbert
space of a spatial mode where a number of particles are lo-
calized is spanned by a smaller number of vectors than in the
unconstrained case. Therefore, the local action of the group
of SLOCC has a smaller number of generators. Just as in
the unconstrained case, a nonzero value of a SLOCC invari-
ant implies that the state is Bell-nonlocal over a bipartition
into one spatial mode and the other spatial modes, as long as
the dimension of the local Hilbert space of the single mode is
greater than one. This can be seen by a small modification of
the proof of Theorem 4. For clarity we give it as a separate
corollary.
Corollary 1. Let |ψ〉 be a state of m spin- p2 fermions in n
modes where some of the spatial modes contain a fixed num-
ber of fermions. Assume that no mode with a fixed number of
fermions contain 0 or p + 1 fermions. Then, if |ψ〉 is Bell-
local over a bipartition of the system into a single mode and
n− 1 modes, there exist no entanglement monotones that take
a nonzero value. This implies that |ψ〉 cannot be converted to
a maximally entangled state by SLOCC. Moreover, local spe-
cial unitary operations can induce an arbitrary global phase
shift of the state vector |ψ〉. Thus, if an entanglement mono-
tone takes a non-zero value the state is Bell-nonlocal over ev-
ery bi-partition of this type.
Proof. For a partitioning into a single mode and n− 1 modes
in the case where the number of particles in the single mode is
not fixed, the proof is identical to that of Theorem 4. Consider
therefore a mode that contains a fixed nonzero number 0 <
k < p+1 of particles. For a partitioning into this single mode
and the other n− 1 modes, a general state |ψ〉 can be written
as
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|ψ〉 =
(p+1k )∑
ik=1
rik |ik〉|θik〉,
where the |ik〉 is a basis of the k-fermion local Hilbert space
of the single mode. The |θik〉 are states of m− k fermions in
n−1 modes and thus all states in the subspace spanned by the
|θik〉 contains the same number of particles. Therefore, the
operations by a party with access to the n− 1 partition are not
restricted by the super-selection rule.
Nonlocal correlations can be observed if and only if the
state is entangled. More precisely, the state is Bell-nonlocal if
it is true that |θik〉 6= |θjk〉 for some ik and jk and rikrjk 6= 0.
If the state is Bell-local it thus follows that rikrjk = 0 or
|θik〉 = |θjk〉 for each pair of ik, jk. Such a state is, up to
local unitary operations, of the form |1k〉|ϕ〉, where 1k is a
given state of k particles in the mode, and is separable.
Next consider the diagonal
(
p+1
k
)× (p+1k
)
determinant one
matrix
gα =


e−α 0 0 · · · 0
0 eα 0 · · · 0
0 0 1
.
.
.
.
.
.
.
.
.
.
.
. 0
0 0 · · · 0 1


,
where α ∈ C. Here the first column corresponds to the action
on the local state |1k〉.
For a state of the form |1k〉|ϕ〉 the SLOCC operation
g(α) × I · · · × I scales the state vector by a factor of |e−α|
and changes the phase by arg(e−α). By making Re(α) suf-
ficiently large we can bring the norm of the state arbitrarily
close to zero. This implies that the set of states which are
inter-convertible with |1k〉|ϕ〉 does not contain any maximally
entangled states [46, 47] and that no polynomial SLOCC in-
variant takes a nonzero value. This follows since no homo-
geneous polynomial is invariant under a scaling of the state
vector. Thus, if there exist an entanglement monotone which
takes a non-zero value for a state, this state cannot have the
form |1k〉|ϕ〉 for any bipartition into a single mode and n− 1
modes. Thus, the state must be Bell-nonlocal over every such
bipartition.
The form of the state |1k〉|ϕ〉 also implies that when
Re(α) = 0 the SLOCC operation is special unitary and under
this operation g(α)× I · · · × I the state accumulates a phase-
factor e−α. Thus, eαg(α) × I · · · × I is an element of the
stabilizer group.
Note that in the case where p+1 spin- p2 fermions are fixed
in the same spatial mode, which Corollary 1 does not con-
sider, the state of the system is always a product state of the
form |♦p+1〉|φ〉 where |♦p+1〉 is the state of p+1 fermions. A
state of this type is thus trivially Bell-local for the partitioning
into the given spatial mode and the other modes. In this case
the only determinant one operation on the local Hilbert space
that is spanned by the single vector |♦p+1〉 is the identity op-
eration and thus no SLOCC operation can scale the state vec-
tor. Therefore, the existence of SLOCC invariants that take a
nonzero value cannot be excluded by the argument used in the
corollary.
1. One localized and two delocalized spin- 1
2
fermions and three
parties
The simplest case that allows for partial localization is three
spatial modes. We consider such a system containing three
spin- 12 fermions. If one particle is constrained to be local-
ized in the spatial mode of A, the local Hilbert space of A is
spanned by | ↑〉, | ↓〉. Therefore local action of the group of
SLOCC on the spatial mode of A is generated by only λ1, λ2,
and λ3. The group of SLOCC can thus be described as the
product of G1,2,3 and the subgroup of G8,15 that has trivial
local action on the spatial mode of A. Therefore, the method
to find the algebra of invariant polynomials of G1,2,3 by Cay-
ley’s Omega process and then select the subalgebra invariant
under the full group of SLOCC can be used similarly to the
unconstrained case.
The lowest possible degree of a SLOCC invariant is four as
in the unconstrained case. For this degree, there is a unique
SLOCC invariant
I
(1)
A =2m↑0♦m↑♦0(m↓↓↑m↓↑↓ −m↓↓↓m↓↑↑)
+ 2m↓0♦m↓♦0(m↑↓↑m↑↑↓ −m↑↓↓m↑↑↑)
+m↑0♦m↓♦0(m↓↓↓m↑↑↑ −m↓↑↓m↑↓↑)
+m↑0♦m↓♦0(m↓↑↑m↑↓↓ −m↓↓↑m↑↑↓)
+m↓0♦m↑♦0(m↓↓↓m↑↑↑ −m↓↑↓m↑↓↑)
+m↓0♦m↑♦0(m↓↑↑m↑↓↓ −m↓↓↑m↑↑↓). (37)
For degree eight there is a single generator invariant. This
can be chosen as a product of the three-tangle [8] and
(m↑0♦m↓♦0 −m↓0♦m↑♦0)2, i.e.,
I
(2)
A =(m↑0♦m↓♦0 −m↓0♦m↑♦0)2
×(m2↓↓↓m2↑↑↑ +m2↑↓↓m2↓↑↑ +m2↓↑↓m2↑↓↑ +m2↓↓↑m2↑↑↓
− 2m↓↓↓m↓↓↑m↑↑↓m↑↑↑ − 2m↓↓↓m↓↑↓m↑↓↑m↑↑↑
− 2m↓↓↓m↓↑↑m↑↓↓m↑↑↑ − 2m↓↓↑m↓↑↓m↑↓↑m↑↑↓
− 2m↓↓↑m↑↑↓m↓↑↑m↑↓↓ − 2m↓↑↓m↓↑↑m↑↓↑m↑↓↓
+ 4m↓↓↓m↓↑↑m↑↓↑m↑↑↓ + 4m↑↑↑m↑↓↓m↓↑↓m↓↓↑).
(38)
The construction of these invariants is given in the Appendix.
For the cases with a fermion localized with party B or C in-
variants can be constructed in a completely analogous way.
No systematic search for this type of invariants was under-
taken for higher degrees due to the increasing complexity of
the search with increasing polynomial degree. However, the
fact that at least two independent invariant exist implies that
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there is an uncountable number of SLOCC inter-convertibility
classes.
Finally, we can consider the case where the interaction be-
tween the two delocalized particles is strongly attractive. Then
the local Hilbert spaces of B and C are both spanned by only
|0〉 and |♦〉. A SLOCC invariant for this case is
ILA = (m↑0♦m↓♦0 −m↓0♦m↑♦0). (39)
If ILA is nonzero the state features Bell-nonlocal correlations
over the bipartition A|BC but not any other partitioning. Sim-
ilar measures for systems with a particle localized with B or
C can be constructed by permuting the spatial modes.
V. EXAMPLE: GROUNDSTATE ENTANGLEMENT AT A
TRANSITION BETWEEN DIFFERENT REGIMES IN A
CYCLIC THREE SITE ISING-HUBBARD CHAIN
In this section we consider a model system with three spin-
1
2 fermions where the groundstate of the Hamiltonian under-
goes a transition between two qualitatively different regimes.
Close to the transition the groundstate has a high degree of en-
tanglement of the type for which only the invariants I(1) and
I(2) are nonzero.
The three spin- 12 fermions are confined to a three site cyclic
chain. The Hamiltonian of the system is chosen as a hybrid of
the Quantum Ising Hamiltonian [56] and the Hubbard Hamil-
tonian [57]. The potential energy terms are an on-site interac-
tion between the fermions and a nearest neighbour Ising spin-
interaction in the z-direction. Note that since the chain has a
cyclic boundary condition all the sites are nearest neighbours.
In addition it features an external magnetic field aligned with
the z-axis, i.e., the axis of the Ising interaction. The kinetic
energy terms of the Hamiltonian correspond to spin reversal
along the z-axis and inter-site hopping. The HamiltonianH is
thus given by
H =− J
∑
j
σzj σ
z
j+1 −B
∑
j
σzj −K
∑
j
nj,snj,−s
+ f
∑
j
σxj +
∑
j
∑
s∈{↓,↑}
ps(c
†
j,scj+1,s + c
†
j+1,scj,s),
(40)
where cj,s, c†j,s and nj,s are the annihilation, creation, and
number operators, respectively, of a fermion with spin s ∈
{↑, ↓} on site j. Here the spin −s is understood to be the
opposite spin of s. The parameter J determines the type
and strength of the Ising interaction. A positive J corre-
sponds to ferromagnetic interaction and a negative J to anti-
ferromagnetic interaction. The value ofK determines the type
and strength of on-site interaction. A positive value of K
corresponds to attractive interaction and a negative value to
repulsive interaction. The value of B describes the external
magnetic field. The parameter f determines the magnitude of
the kinetic energy term describing the tendency for spins to
reverse. The parameters p↑ and p↓ describe the inter-site hop-
ping, i.e., the tendency for particles to move between adjacent
sites. If p↑ 6= p↓ the hopping is spin dependent.
Here we choose the hopping parameters as p = p↓ = −p↑.
This choice of spin antisymmetry of the hopping terms is
made to ensure that the ground level of the Hamiltonian is
non-degenerate and a unique groundstate can be identified.
Furthermore, we consider the case with a ferromagnetic Ising
interaction and an attractive on-site fermion interaction.
If the on-site interaction dominates over the Ising interac-
tion and the external field, and if the kinetic energy terms are
much smaller than the potential energy terms, the groundstate
is, to a good approximation, a superposition of different con-
figurations where two fermions occupy the same site. We call
this the paired regime.
If the Ising interaction dominates over the on-site interac-
tion, and the kinetic energy terms are small, the groundstate of
the Hamiltonian is close to a state where one fermion occupies
each site. We call this the Ising regime.
The groundstate in the paired regime for B = 0 and for
B 6= 0 is not significantly different if B ≪ f . This is because
no potential barrier prevents the spins from reversing. The
groundstate in the Ising regime on the other hand is greatly
affected by even a small external field. If B = 0 the ground-
state has equal amplitudes of | ↓↓↓〉 and | ↑↑↑〉. In the pres-
ence of a small external field B & 1 · 10−7 the groundstate
is close to a product state where all the spins are aligned with
the external field. This is because the energy barrier corre-
sponding to reversing a spin is large compared to the kinetic
energy. Even though the energy difference 6B between the
two product states | ↓↓↓〉 and | ↑↑↑〉 is much smaller than f
by assumption, the energy needed to reverse a single spin to
reach an intermediate state, e.g. | ↓↑↓〉, is approximately 4J ,
which is much larger than f .
If the values of J and K are appropriately chosen, an in-
crease of the external magnetic field B can bring the ground-
state of the system from the paired regime to the Ising regime.
To see this effect in the particular example Hamiltonian
considered here the potential energy terms are chosen as J =
1 and K = 2.99507 and the kinetic terms are f = 5 · 10−3
and p = 5 · 10−6. The parameters J and K have been cho-
sen to allow a very small external field to cause a transition
between the Ising regime and the paired regime. This re-
quires K/J ≈ 3 so that the Ising interaction gives almost the
same energy as the on-site interaction. The particular value
of K/J = 2.99507 has been carefully chosen such that the
external field creates close to the maximal amount of ground-
state entanglement possible with the given interaction terms.
For these values of J,K, f and p the transition between the
paired regime and the Ising regime is relatively abrupt around
a value of B = 1.71 · 10−5.
The energy levels and energy eigenstates of the Hamilto-
nian have been calculated numerically over a range of val-
ues of B by the Mathematica 10.0 Eigensystem function [58]
which uses the ARPACK software that is based on the Implic-
itly Restarted Arnoldi Method (IRAM). The numerical result
indicates that for B = 0 the lowest energy level is two-fold
degenerate. But for B > 0 the lowest level in non-degenerate
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FIG. 1: The energy E of the groundstate (blue) and the four
lowest excited levels (purple, magenta, red, orange), as
functions of the external field B in the interval
0 ≤ B ≤ 2 · 10−5. The energy is given relative to Eg(0), the
groundstate energy at B = 0. The groundstate has an avoided
levelcrossing with a non-degenerate excited level (orange)
close to B ≈ 1.71 · 10−5.
and the groundstate is unique. Moreover, the Hamiltonian has
an avoided levelcrossing between the groundstate and the first
excited state close to B = 1.71 · 10−5. See Fig. 1 for a plot of
the energy of the groundstate and the four lowest excited en-
ergy levels for B in the interval B = 0 to B = 2 · 10−5. The
energy is given relative to the groundstate energy at B = 0.
The energy of the (initially) fourth excited energy level de-
creases as B increases and has an avoided levelcrossing with
the groundstate at B ≈ 1.71 · 10−5 after crossing the third,
second, and first excited levels. This avoided levelcrossing
corresponds to the transition between the paired regime and
the Ising regime.
For 0 < B ≪ 1.7 · 10−5 the groundstate of the system is
very close to the state 1/
√
12|ψP 〉, where
|ψP 〉 ≡ − (|♦↑0〉+ |↑0♦〉+ |0♦↑〉)
+ (|↑♦0〉+|0↑♦〉+ |♦0↑〉)
− (|♦0↓〉+ |↓♦0〉+ |0↓♦〉)
+ (|♦↓0〉+ |0♦↓〉+ |↓0♦〉). (41)
Since the external field B is very small compared to the
kinetic term f for the entire considered interval there is almost
no directional bias of the spins in the groundstate as long as
it is in the paired regime. Note that the state 1/
√
12|ψP 〉 is
Bell-local for every partition of the system.
At B = 1.65 · 10−5 the groundstate has not deviated much
from 1/
√
12|ψP 〉 and is
2.20 · 10−4|↑↑↑〉 − 1.20 · 10−2|↓↓↓〉+ 0.288|ψP 〉
− 1.76 · 10−6(|↓↑↑〉+ | ↑↓↑〉+ |↑↑↓〉)
+ 1.64 · 10−5(|↓↓↑〉+ |↑↓↓〉+ |↓↑↓〉). (42)
As B increases beyond this value the amplitude of | ↓↓↓〉
begins to increase exponentially and reaches ≈ 0.5 at B =
1.17099 · 10−5. At this point the groundstate is
4.11 · 10−4|↑↑↑〉 − 0.500|↓↓↓〉+ 0.250|ψP 〉
− 3.33 · 10−6(|↓↑↑〉+ |↑↓↑〉+ |↑↑↓〉)
+ 6.27 · 10−4(|↓↓↑〉+ |↑↓↓〉+ |↓↑↓〉), (43)
which is close to 1/2| ↓↓↓〉 + 1/4|ψP 〉. As B increases be-
yond 1.171 · 10−5 the amplitude of | ↓↓↓〉 increases rapidly
to almost 1 while the amplitude of |ψP 〉 approaches zero. At
B = 1.175 ·10−5 the groundstate is already close to the prod-
uct state |↓↓↓〉,
4.50 · 10−4|↑↑↑〉 − 0.999|↓↓↓〉+ 5.36 · 10−3|ψP 〉
− 3.71 · 10−6(|↓↑↑〉+ |↑↓↑〉+ |↑↑↓〉)
+ 1.25 · 10−3(|↓↓↑〉+ |↑↓↓〉+ |↓↑↓〉). (44)
To quantify the entanglement of the groundstate as a func-
tion of the external field B, we consider the measures con-
structed from the generators of the polynomial GSLOCC invari-
ants. The only two generators that take a non-negligible value
for the groundstate are I(1) and I(2). Due to the form of |ψP 〉
we can see that I(1) ≈ −I(2) throughout the considered range
of B. Therefore, we construct a measure as 4|I(1) − I(2)|1/2.
The factor 4 is a normalization chosen to give the measure the
maximal value 1.
For comparison we also consider the entanglement in the
sector where one fermion is at each site. For this type of en-
tanglement we use the measure 2|τ |1/2 where τ is the three-
tangle [8]. The factor 2 is chosen such that the maximal value
of the measure is 1.
In addition to these two measures based on polynomial in-
variants we also consider the subsystem entropy E of a site.
Due to the form of the groundstate the subsystem entropy is
the same for all three sites. The three different measures have
a qualitatively different behaviour as the external field is in-
creased from B = 0 to B = 3 · 10−5.
The measure 4|I(1) − I(2)|1/2 is initially zero and then
grows slowly until the growth becomes exponential close to
B = 1.7 · 10−5 with a peak of 0.498 at B ≈ 1.7099 · 10−5.
The value then rapidly goes to almost zero as B increases fur-
ther. In Fig. 2 the measure 4|I(1) − I(2)|1/2 is plotted for B
in the intervalB = 0 to B = 3 · 10−5 and also for the interval
B = 1.65 · 10−5 to B = 1.75 · 10−5 around the transition.
The measure 2|τ |1/2 is close to zero at B = 0 and stays
close to zero until B approaches 1.7 ·10−5 where it grows fast
and peaks at a value 9.578 · 10−4 at B ≈ 1.7139 · 10−5 .
It then gradually decreases. In Fig. 3 the measure 2|τ |1/2 is
plotted for B in the interval B = 0 to B = 3 · 10−5 and also
for the interval B = 1.65 · 10−5 to B = 1.75 · 10−5 around
the transition.
The subsystem entropy has a value very close to ln(3) ≈
1.0986 for the interval between B = 0 and a value of B close
to 1.7 · 10−5. It then grows rapidly to a peak value of E =
1.251 at B ≈ 1.7097 · 10−5 and afterwards rapidly goes to
zero. In Fig. 4 the subsystem entropy is plotted for B in the
interval B = 0 to B = 3 · 10−5 and also for the interval
B = 1.65 · 10−5 to B = 1.75 · 10−5 around the transition.
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FIG. 2: The measure 4|I(1) − I(2)|1/2 as a function of B in
the interval B = 0 to B = 3 · 10−5 (upper) and the interval
B = 1.65 · 10−5 to B = 1.75 · 10−5 (lower). The peak value
0.498 of 4|I(1) − I(2)|1/2 is at B ≈ 1.7099 · 10−5.
Any of the three measures can thus be used to detect the
transition between the paired regime and the Ising regime.
However, the measure 2|τ |1/2 only reaches a small fraction of
its maximal value since the entanglement in the sector where
one fermion is at each site is very small.
The subsystem entropy reaches a value that indicates the
presence of Bell-nonlocality, but the relative increase is small
since this measure is sensitive also to the correlation of the
groundstate in the paired regime. These correlations do not
deviate much from Bell-local correlations since the ground-
state in the paired regime, away from the transition, is close to
indistinguishable from a separable state.
The measure 4|I(1) − I(2)|1/2 shows a large relative in-
crease since it is only sensitive to correlations that are Bell-
nonlocal. It also reaches a large value compared to its max-
imum since it was specifically designed to quantify this type
of entanglement. Note that for permutation symmetric or an-
tisymmetric states maximal entanglement cannot be reached
and the largest possible value of 4|I(1) − I(2)|1/2 is 2−1/4 ≈
0.841. Furthermore given that the amplitude for |♦0 ↓〉 has
the same absolute value as |♦0↑〉 and similarly for all permu-
tations of the sites, the maximum value of 4|I(1) − I(2)|1/2
is 1/2. Thus, the value of 4|I(1) − I(2)|1/2 at the transition
is very close to the maximum possible given the properties of
the Hamiltonian.
Without the big difference between the amplitudes of |↓↓↓〉
FIG. 3: The measure 2|τ |1/2 as a function of B in the
interval B = 0 to B = 3 · 10−5 (upper) and the interval
B = 1.65 · 10−5 to B = 1.75 · 10−5 (lower). The peak value
9.578 · 10−4 of 2|τ |1/2 is at B ≈ 1.7139 · 10−5.
and |↑↑↑〉 in the groundstate at the transition the entanglement
quantified by 4|I(1) − I(2)|1/2 would be very small. To see a
high degree of this type of entanglement it is thus crucial that
the kinetic energy f is much smaller than the potential barrier
between |↓↓↓〉 and |↑↑↑〉 in the Ising regime.
VI. CONCLUSIONS
We have described a method for finding invariants under
SLOCC in a system of indistinguishable spin- 12 fermions de-
localized over a number of spatial modes, with the constraint
that the global number of particles is conserved. For two and
three fermions such invariants and their associated measures
were constructed. It was shown that if global particle conser-
vation is the only constraint on the system a nonzero value
of a SLOCC invariant implies that Bell-nonlocal correlations
can be observed across any bipartition of the system into a
single spatial mode and the rest of the modes. Furthermore it
was shown that SLOCC invariants can only exist if the num-
ber of spin- 12 fermions equal the number of spatial modes.
The result relating the existence of SLOCC invariants and
Bell-nonlocality, as well as the condition on the number of
fermions per spatial mode, were generalized to an arbitrary
number of fermions of arbitrary spin.
For the two fermion case the properties of the constructed
invariant under SLOCC and the associated measure of entan-
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FIG. 4: The subsystem entropy E as a function of B in the
interval B = 0 to B = 3 · 10−5 (upper) and the interval
B = 1.65 · 10−5 to B = 1.75 · 10−5 (lower). The peak value
1.251 of the entropy is at B ≈ 1.7097 · 10−5.
glement was compared to two other commonly used corre-
altion measures, the fermionic concurrence and the subsys-
tem entropy. In particular their different relations to Bell-
nonlocality was discussed.
The case with additional constraints, such as fixing the lo-
cation one of the fermions or imposing a strong repulsive or
attractive interaction was discussed. In this case the group of
SLOCC depends on the extra constraints and therefore the set
of invariants is different compared to the unconstrained case.
The relation between Bell-nonlocality and SLOCC invariants
which holds in the unconstrained case is not generally true
when additional constraints are introduced. However, for the
case of partial localization, i.e., when a subset of the fermions
are in fixed spatial modes, as well as for the case of strong
repulsive interaction, generalized relations exist.
Finally, a model system with a hybrid Ising-Hubbard in-
teraction Hamiltonian was considered to illustrate how the
groundstate entanglement at a transition between a regime
dominated by on-site interaction and a regime dominated by
Ising interaction can be described by an entanglement mea-
sure constructed from a SLOCC invariant. The value of
the entanglement measure peaks at the transition and its be-
haviour was compared to the behaviour of a measure con-
structed from the three-tangle as well as the subsystem en-
tropy.
A limitation of the constructed entanglement measures is
that they work only for pure states. Measures valid also for
mixed states would have a greater applicability as they could
be used to describe entanglement in subsystems of larger more
complex systems. Finding the convex roof extensions of the
measures constructed here is thus a relevant open problem.
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APPENDIX
All invariants of the group G1,2,3 can be constructed
through Cayley’s Omega Process. The Cayley Omega Process
is designed to find the invariants of the special linear group
and since G1,2,3 for three parties is isomorphic to SL(2)×3
we can use it to find the G1,2,3 invariants. For a detailed and
general description of Cayleys Omega Process see e.g. Ref.
[44] and see also Ref. [59] for an application to invariants
of unitary operations on a system of four distinguishable two
level particles.
To use the Omega Process we must first represent the
state of the system as a set of multilinear binary forms.
We arrange the amplitudes mijk of the state vector for
which i, j, k ∈ {↑, ↓} as a trilinear form M(xi, yj , zk) =∑
i,j,k∈{↑,↓}mijkxiyjzk, and the remaining amplitudes are
arranged in six linear forms
m21(xi) =
∑
i∈{↑,↓}
mi♦0xi,
m31(xi) =
∑
i∈{↑,↓}
mi0♦xi,
m12(yj) =
∑
j∈{↑,↓}
m♦j0yj ,
m32(yj) =
∑
j∈{↑,↓}
m0j♦yj ,
m23(zk) =
∑
k∈{↑,↓}
m0♦kzk,
m13(zk) =
∑
k∈{↑,↓}
m♦0kzk. (45)
The invariants are obtained recursively from the collection
{M,m12,m13,m21,m23,m31,m32} through iterating a type
of operation called transvection defined by the following two
steps. In the first step multiply two forms, e.g, A(x′i, y′j, z′k)
and B(x′′i , y′′j , z′′k ). Then, apply a partial differential operator
Ωw, where w ∈ {x, y, z} to A(x′i, y′j , z′k)B(x′′i , y′′j , z′′k ). The
operator Ωx is defined by
Ωx =
∂2
∂x′↑∂x
′′
↓
− ∂
2
∂x′′↑∂x
′
↓
, (46)
and Ωy and Ωz are defined analogously. This is followed by
the substitution of x for x′ and x′′. If several operators Ωi are
applied, all of the involved variables are substituted. For ex-
ample the application of ΩxΩz is followed by the substitution
x for x′ and x′′ and z for z′ and z′′.
If the result of a transvection is a new form, further
transvections can be performed involving this form. If the
21
result of a sequence of transvections is a scalar, this scalar is
invariant under G1,2,3.
As a shortform notation we denote a transvection of two
forms A and B on one index, e.g. i, by AijkBilm, a transvec-
tion on two indices, e.g. i, j, by AijkBijl, and so on. Note
that AijkBilm is a quadrilinear form with indices j, k, l,m
and AijkBijl is a bilinear form with indices k, l.
From the G1,2,3-invariants that can be constructed by Cay-
ley’s Omega Process we select the subset which is also in-
variant under G8,15. This is the subset where each monomial
term in the polynomial has an equal number of indices of the
four possible ones ↓, ↑, 0, and ♦. For example, the mono-
mial m0♦↑m♦0↓m0↑♦m♦↓0m↑0♦m↑♦0m↓↓↑m↓↑↓ is invari-
ant under G8,15 while m↑0♦m↑♦0m↓↓↑m↓↑↓ is not. The re-
quirement of invariance under G8,15 restricts the degrees of
the invariant polynomials to be multiples of four.
All the possible transvections of the collection
{M,m12,m13,m21,m23,m31,m32} which are also in-
variant under G8,15 were constructed for degrees 4, 8 and 12.
A set of seven invariants from which all other invariants of
these degrees can be constructed through multiplication and
addition was selected. None of the invariants in this set can be
constructed from the other elements of the set. This was seen
by testing for linear dependence between all polynomials of
degree 4, 8 or 12, respectively, that can be constructed by
multiplication of the seven chosen invariants.
A search for invariants of degree 16 did not yield any in-
variants that could not be constructed from the lower degree
invariants. No search was conducted for higher degrees.
Of the seven invariants chosen as generators, the two degree
four invariants I1 and I2 are given by
I(1) =Mijkm31im12jm23k,
I(2) =Mijkm21im32jm13k. (47)
The three degree eight invariants IBC , IAC and IAB are given
by
IBC = m21iMijkMljkm31lm12nm32nm13pm23p,
IAC = m32jMijkMilkm12lm21nm31nm13pm23p,
IAB = m23kMijkMijlm13lm12nm32nm21pm31p. (48)
Finally the two degree twelve invariants I(1)ABC and I
(2)
ABC are
I
(1)
ABC = m23kMijkMijlMnplm31nm12pm31qm21qm32rm12rm23sm13s,
I
(2)
ABC = m13kMijkMijlMnplm21nm32pm31qm21qm32rm12rm23sm13s. (49)
a. Partial localization
In the case of the partial localization described in Sect.
IV B 1 all states of the system can be represented by the subset
{M,m21,m31} of the forms. The unique degree four polyno-
mial SLOCC invariant in Eq. 37 can be constructed from these
forms as
I
(1)
A = m21iMijkMljkm31l. (50)
The degree eight invariant can be constructed as
I
(2)
A = m21iMijkMljkMlnpMqnpm31qm21rm31r, (51)
or alternatively as
I
(2)
A =
1
2
MijkMljkMlnpMinpm21qm31qm21rm31r, (52)
where 12MijkMljkMlnpMinp is the three-tangle [8], i.e., the
hyperdeterminant of M . Analogously, for the cases where a
fermion is localized with B or C, invariants can be constructed
from the subsets {M,m12,m32} and {M,m13,m23}, respec-
tively.
When one fermion is localized with party A and the inter-
action of the two delocalized fermions is constrained to be
strongly attractive the possible states of the system are de-
scribed by the subset {m21,m31}, and all SLOCC invariants
are generated by the polynomial
ILA = m21rm31r. (53)
Analogously, if the localized fermion is in mode B or C, a sin-
gle invariant can be constructed from the subset {m12,m32}
or {m13,m23}, respectively.
